Aims Competition drives self-thinning (density-dependent mortality) in crowded plant populations. Facilitative interactions have been shown to affect many processes in plant populations and communities, but their effects on self-thinning trajectories have not been investigated. † Methods Using an individual-based 'zone-of-influence' model, we studied the potential effects of the size symmetry of competition, abiotic stress and facilitation on self-thinning trajectories in plant monocultures. In the model, abiotic stress reduced the growth of all individuals and facilitation ameliorated the effects of stress on interacting individuals. † Key Results Abiotic stress made the log biomass -log density relationship during self-thinning steeper, but this effect was reduced by positive interactions among individuals. Size-asymmetric competition also influenced the self-thinning slope. † Conclusions Although competition drives self-thinning, its course can be affected by abiotic stress, facilitation and competitive symmetry.
INTRODUCTION
Self-thinning (density-dependent mortality) in plant populations has been a widely investigated phenomenon. It is usually modelled as w ¼ kr b , an allometric relationship between mean surviving plant biomass (w) and plant density (r), where k and b are the self-thinning coefficient and exponent, respectively. Although there is broad consensus concerning this general pattern, there has been much debate about the values and universality of the parameters, especially b (White et al., 2007) . Self-thinning is driven by resource limitation: because the resources within a given area are finite, some individuals must die if others are to grow as a crowded plant stand develops when all resources are being consumed (Morris, 2002 (Morris, , 2003 .
However, not all plant -plant interactions are competitive. Studies over the last 20 years have shown that positive interactions are common in plant communities in physically harsh environments, through ameliorating locally stressful conditions such as increasing temperature (Callaway, 2007; Pakeman et al., 2009; Pugnaire, 2010) . In these ecosystems, competition and facilitation interact and influence the structure of populations and communities (Michalet et al., 2006; Wang et al., 2008; Chu et al., 2009a, b) . Recent research has demonstrated that abiotic stress associated with positive interactions can delay the onset of extensive density-dependent mortality and increase the size inequality of populations undergoing density-dependent mortality (Chu et al., 2009a) . However, the potential effects of facilitation on self-thinning trajectories have not, to our knowledge, been studied. Many different methods have been implemented to explore the effects of various factors on self-thinning process, either experimentally or theoretically (e.g. Weller, 1987; Morris, 2002 Morris, , 2003 Larjavaara, 2010) . In the present paper, we use a spatially explicit model to investigate the role of facilitation, competition and abiotic stress on self-thinning in simulated plant populations.
MATERIALS AND METHODS

The model
The model employed here has been described previously (Chu et al., , 2009a . It is based on Weiner et al.'s (2001) 'zone-of-influence' (ZOI) model. In the ZOI model, the potential resources available for an individual without neighbours are reflected by the area of a circular zone, A, related to the plant's biomass, B, as A ¼ cB 2/3 (we set c ¼ 1 . 0 here), and neighbouring plants compete for the resources when their areas overlap. The realized growth rate of the plant considering competition is described by the equation:
where B max is the maximum (asymptotic) plant mass, r is the initial (maximum) growth rate (in units of mass area 21 time
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), and A c is the effective area of a plant (Schwinning and Weiner, 1998; Weiner et al., 2001; Weiner and Damgaard, 2006) .
Abiotic stress can be included in the model with a parameter s ranging from 0 (no stress) to 1 (maximum stress). It decreases the growth rate of all plants in a simple linear fashion (Molofsky and Bever, 2002) . Based on our current understanding of facilitation (Callaway, 2007) , we assume that the linear relationship between facilitation and abiotic stress only occurs when the stress factor is not itself a resource such as temperature (Maestre et al., 2009) . We assume that facilitation experienced by a plant is a function of the total of all areas of overlap with neighbouring plants, A f , such as increasing the local temperature in an alpine region (Callaway, 2007) . The realized growth rate of the plant growing under stress and with facilitation is modelled as
Here we consider three stress levels: s ¼ 0 . 0, s ¼ 0 . 4 and s ¼ 0 . 8. The above formula reflects the fact that competition and facilitation usually act simultaneously in nature (Callaway, 2007) . To study self-thinning, we assume that individuals die if their actual growth rate over a time interval falls below 1 % of their current biomass (Weiner et al., 2001; Stoll et al., 2002) . This threshold is necessary if self-thinning is to occur under size-symmetric competition; without such a threshold all plants stop growing and there is no mortality. We simulated a relatively high initial population density (7225 individuals m
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). We also implemented simulations for other density levels, and the results were similar to those presented here.
To explicitly explore the potential effects of facilitation on self-thinning lines, we set A f ¼ 0 . 0 in eqn (2), giving the trajectory of populations in harsh conditions without positive interactions between neighbours. In this case, the realized growth rate becomes
To explore the effect of the size symmetry of competition on the behaviour of the model, we consider four types of size symmetry, which are defined by the parameter p. These represent different ways of dividing areas of overlap among competing individuals in determining a plant's effective area (A c ): p ¼ 0 . 0 for complete symmetry (overlapping areas divided equally among all overlapping individuals), p ¼ 0 . 5 for partial size symmetry (uptake of the overlapped area increases with size, but less than proportionally), p ¼ 1 . 0 for perfect size symmetry (overlapping areas are divided in proportion to the sizes of the overlapping individuals) and p ¼ 10 . 0 for a high degree of size asymmetry (the largest individuals obtain almost all the overlapped area; Weiner et al., 2001) . To explicitly incorporate the effect of p, we formulate an equation for n individuals dividing the overlapping resource with area A o :
where A oi refers to the amount of resource taken by plant i in the neighbourhood of j (Schwinning and Weiner, 1998; Weiner and Damgaard, 2006) . Thus for plant i, the effective area A c is equal to A no + m k=1 A oik where A no denotes the area not overlapping with other plants and m the number of overlapping regions (for an example see Supplementary Data, available online).
The simulations were stochastic, and the initial parameter settings were the same as in Chu et al. (2009a) . We took a 'wraparound' (torus) approach to avoid edge effects (Grimm and Railsback, 2005) . Individuals were distributed randomly in space. All simulations were conducted and replicated ten times using landscapes with a size of 100 × 100 grids in NetLogo (Wilensky, 1999) .
Statistical analyses
To fit the self-thinning equation, the simulated data points of populations undergoing extensive mortality were selected a posteriori (Weller, 1987) . Due to the dependence between population density and mean individual mass, we used the bootstrapping method to explore the relationships between them. After obtaining the slopes for the log mean mass vs. log density relationships for ten replicates given a parameter setting, we calculated the means (n ¼ 10) and 95 % confidence intervals. Regression and bootstrapping (with replacement sampling and a total of 2000 replications) analyses were conducted using R 2 . 9 . 1 (R Development Core Team, 2009).
RESULTS
Abiotic stress itself lowered the position of the thinning trajectory: there was less biomass at a given density under conditions of abiotic stress (Fig. 1) . Both abiotic stress and size-asymmetric competition made the self-thinning slopes steeper (Table 1, Fig. 2 ). The inclusion of positive interactions ameliorated the effects of stress on the allometric slopes and significantly affected the thinning intercepts (Table 1, Figs 1 and 2). Ninety-five per cent confidence intervals of slopes and intercepts for populations in harsh conditions with facilitation did not overlap with those of the corresponding populations without facilitation.
DISCUSSION
In our model, abiotic stress by itself resulted in steeper (more negative) and lower self-thinning trajectories. When competition was highly size-asymmetric, its effects overwhelmed those of abiotic stress. Stress is modelled in eqn (2) as a factor reducing the growth of all plants, which should give the common self-thinning line result. A common self-thinning line has been observed in some experimental cases where the reduction in growth has been imposed by resource limitation (reviewed in Morris, 2003) . However, there have been other numerous cases where growth reduction achieved by resource limitation has resulted in different selfthinning lines, for example for shade (Westoby and Howell, 1981; Lonsdale and Watkinson, 1982) , nutrients (Morris, 2002 (Morris, , 2003 and water (Deng et al., 2006) . In some of these cases, resource limitation was shown to alter the way plants occupied canopy space (Lonsdale and Watkinson, 1982; Morris, 2003) ; in eqn (2), this would mean that A c would vary with resource level, possibly leading to different results from those shown here.
The inclusion of facilitation reduced or eliminated the effect of harsh conditions on the allometric slope. Abiotic stress reduces the growth rate of individuals in our model, while facilitation from neighbours could keep an individual's growth rate above the threshold for mortality (1 % here) and postpone the onset of death. The self-thinning slope for spring wheat Triticum aestivum in water-stressed conditions was flatter than in well-watered conditions (21 . 35 vs. 21 . 49; Liu et al., 2006) , but the difference was not statistically significant. The self-thinning slope (based on tree stem s defines the level of stress (0-1), and p defines the size symmetry of competition (0: completely symmetric; 0 . 5: partially size-symmetric; 1 . 0: perfectly size-symmetric; 10 . 0: highly size-asymmetric). F? indicates whether the case includes facilitation. diameter and density) under semi-arid conditions was higher than expected from existing models of allometric plant growth (20 . 25 vs. 20 . 33 ). In our model, the allometric slopes for populations in harsh environments without facilitation were steeper than those under benign conditions (Figs 1 and 2, Table 1 ). Water limitation may alter the size-symmetry of competition as well as the level of stress. The degree of size asymmetry of competition also has pronounced effects on the self-thinning lines; a steeper slope occurs under more size-asymmetric competition (Figs 1 and  2 , Table 1 ). Stoll et al. (2002) found a flatter self-thinning slope with more asymmetric competition, the opposite of the result obtained here. The main difference is that we excluded dead individuals from our analyses (Weiner et al., 2001) , whereas Stoll et al. (2002) included them in the total population biomass.
While the differences in thinning slopes we found for populations under benign conditions and those under harsh conditions with facilitation are statistically significant, they are relatively small. It will be difficult to identify and disentangle the effects of positive interactions in empirical studies because some patterns generated by interactions between competition and facilitation can be very similar to those generated by competition alone (Michalet et al., 2006) . Explicit tests are needed to ask whether the patterns predicted by our model are of biological relevance under real conditions. To explore whether abiotic stress and facilitation make self-thinning slopes steeper, experiments can be conducted to compare the patterns of populations with similar plant density along natural or imposed (e.g. through warming) abiotic stress gradients. There have also been attempts to experimentally change the degree of size asymmetry in competition without affecting other aspects of competition. There is evidence that genetically modified plants that do not show 'shade avoidance' behaviour compete more size asymmetrically than normal plants (Ballaré et al., 1994; Stoll et al., 2002) . Increased soil heterogeneity appears to make competition more size asymmetric in some (e.g. Maestre and Reynolds, 2006) but not other (Casper and Cahill, 1998) cases. The degree of size asymmetry can also be measured (Schwinning and Weiner, 1998) , offering the possibility of correlative tests of some of the predictions of our model.
Many researchers have questioned the existence of a universal thinning exponent (White et al., 2007; Isaac and Carbone, 2010) . There is evidence that many factors, such as the mode of competition and nutrient limitation, can influence the thinning slope (e.g. Stoll et al., 2002; Deng et al., 2006) . Our results show that facilitation among individuals could be another factor that influences the thinning exponents and suggest that positive interactions, size symmetry competition and abiotic conditions interact to influence the self-thinning trajectory of plant populations.
SUPPLEMENTARY DATA
Supplementary data are available online at www.aob.oxfordjournals.org and provide an example of the generic presentation of the way to divide the areas of overlap among competing individuals in determining a plant's effective area (eqn 4 in the text).
